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Postbuckling Behavior of Orthotropic Cylinders under

Axial Compression

B. O. ALmroTH*
Lockheed Missiles and Space Company, Palo Alto, Calzf.

Solutions of the classical buckling problem for orthotropic cylindrical shells have long been
available, but the practical applicability of such solutions is questionable. Results of a
finite-displacement analysis of axially compressed orthotropic cylinders are presented here.
These results serve to indicate the range of applicability of classical-theory analyses. 1t is
shown that for certain parameter combinations the minimum postbuckling equilibrium
Ioad is reasonably close to the classical buckling load and that the two loads may coincide.

In such cases, the classical theory is applicable.

Nomenclature

coefficients in displacement function, Eq. (1)
see Eq. (2)

see Eq. (2)

Young’s modulus

a;
Ay Avay Aoy Ags
Dy, Dy, Dss, Dys
E

L/ | T A

F stress function

Q shear modulus

L length of shell

L, Ly axial and circumferential half-wavelengths

M, M, M., bending and torsional moments per unit
width

m = L/,

Ngzy Ny, Nay = axial, circumferential, shear force per unit
width at middle surface of shell

N = applied compressive load per unit width

N = load parameter, Eq. (3)

Ne: = critical value of ¥

Na = critical value of N according to classical
theory

Numin = minimum value of N in postbuckling range

r = radius of cylinder

t = shell thickness, monocoque shell

U, W = axial and radial displacement, w is positive
inward

v = total potential energy

z, Y = axial and circumferential coordinates on
middle surface of shell

5 = displacement parameters, Eq. (11)

a = shell parameter, Eq. (4)

B = wavelength parameter, Eq. (8)

v = shell parameter, Eq. (3)

Yay = shear strain at middle surface of shell

€x€y = axial and circumferential strains at middle
surface of shell

7 = wavelength parameter, Eq. (8)

npng = shell parameters, Eq. (3)

Nij = coefficients, Eq. (10)

v = Poisson’s ratio

Z, Y = as subscripts, after a comma, indicate par-

tial differentiation of the principal symbol
with respect to x ory

Introduction

HE immense size of launch vehicles now under develop-
ment will require use of cylindrical shells of sandwich or
stiffened construction. Unfortunately, reliable methods to
determine the critical axial load for such shells are not avail-
able. Solutions based on the classical theory have been
derived,’=3 but the applicability of this theory is question-
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able. Some tests have given results that appear to be in
agreement with the theory, but other tests have shown a
marked disagreement, and there seems to-be no information
in the literature on the limits of applicability of the classical
theory.

1t is generally assumed that the discrepancy between tests
and theory for the axially compressed cylindrical shell is
due to the character of its postbuckling behavior. There-
fore, a finite displacement analysis of orthotropic eylinders
is likely to throw some light on the question of the range of
applicability of the classical theory. Results of such an analy-
sis are presented here, and the adequacy of the classical
theory is discussed in view of these results.

The theory presented here is derived for cyl'nders of ortho-
tropic material. The material properties may vary with
the normal coordinate, but not with the surface coordinates.
The theory may be applied, of course, to stiffened shells pro-
vided the stiffeners are sufficiently close together, and to
sandwich shells if the core is sufficiently stiff. The results
of Ref. 1 indicate that the effect of stiffener eccentricity with
respect to the skin’s middle surface may be significant.
However, for simplicity, this effect is omitted here.

Analysis

An analysis of the postbuckling behavior of in‘initelv long
orthotropic cylinders under axial compression was presented
in Ref. 3. However, that analysis is somewhat inaccurate.
It was shown in Ref. 4 that the assumed form of the buckling
pattern contains too few terms, so that for the special case of
a monocoque shell it gives & minimum equilibrium load in the
postbuckling range which is about three times too high.
A Rayleigh-Ritz-type analysis will be utilized here in a more
accurate study of the postbuckling behavior. Of the dif-
ferent displacement functions used in Ref. 4, the most accu-
rate contains 9 terms and gives a minimum postbuckling load
equal to 0.11 times the classical buckling load. This result
is in close agreement with experimental evidence, but, for
economy in the numerical analysis, some accuracy will be
sacrificed here by use of the 5-term displacement function:

2 4
w=a 4+ o cos-;Lx + 6520087;—9C cos1;—y + amos—?ic -+
T z v x

2 2 ;
Q4 COS T o5y + as 003371-»0 cos?iy 1
l. ly L. I,

For the monocoque cylinder, this function yields a ratio be-
tween the minimum postbuckling load and the classical
buckling load of 0.12.
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Fig. 1 Load-displacement curves,
inders.

ring-stiffened cyl-

The orthotropic behavior of the shell wall is governed by the
elastic constants defined in the following equations:

€ = Al]Nz + AIZNy
& = ApN. -+ AxN,

Yoy = ANy (2)

Ma: = Dllw;zz + D12w:11y
My = DIZw;xz + Dzzw,w
Ma;y = 2D33U),xy

Here the 4;; are the inverse of the extensional stiffnesses,
whereas the D;; represent flexural stiffness. For the mono-
coque shell of isotropic material,

Au = Azz = 1/Et Alg = —“V/Et A33 = I/Gt
Dy = Dy = E3/[12(1 — »?)]
Dy, = vDy Dy = G3/12

1f stiffeners are eccentrically attached to the shell, there
will also be coupling between the equations for strains and
changes of curvature. This effect is omitted here.

It was shown in Ref. 3 that the number of independent
variables in the analysis of the infinitely long cylinder can
be reduced to three through the following substitutions:

N = (TN/2) (Au/DQQ) 1z
Ns = (A12 + %A33)/(A11A22)1]2 (3)
np = (Dlz + 2033)/(D11D22)1"2

v = (Dudn)/(Dnix)

where N is the axial compressive force per unit width of the
circumference.
For cylinders of finite length, the following additional inde-
pendent parameter must be introduced:
LZ
@ = 2Tm27T2A22(D22/A11) 1z

where m is the number of half-waves in the axial direction.

)
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The three nondimensional shell wall stiffness parameters
ns, Np, and v, are defined through Eqgs. (2) and (3). For
the monocoque shell of isotropic material, ng = 5 = v = 1.
Of these parameters, v is the most influential. It is evident
that with circumferential stiffening v < 1, and with axial
stiffening v > 1. The parameter « introduces the effect
of shell length. For the monocoque shell of isotropic material,
and with one half-wave in the axial direction,

_ B = L

w2 rt

The equations of equilibrium and compatibility for the
orthotropic cylinder were derived in Ref. 3. The compat-
ibility equation is

A22Fyrz:c:z + 2[‘412 ‘I‘ (Ass/z)]p,uyy + Alleyyyy =

~ (/1) W,ze + (W,29)? — W,0aW,yy (D)
where the stress function F is defined such that
N, = F;yy Ny = F;za: Nzy = “F)zu (6)

While equilibrium in the plane of the shell will be assured
by the introduction of this stress function, the third equilib-
rium equation will not be used, but equilibrium configura-
tions will be established by use of the principle of stationary
potential energy.

For the total potential energy of the system, Ref. 3 gives

1 L 27
-I/’ — 5 J:) fO {AUF;H”2 + 2A12F,ny,1.x + A22F)zz2 +
1 L 277
AssF,myZ}dxdy + 5 L j‘o {Duw,mz + 2D12w,zzw,yy +

27¥ L
Daav,p,? + 4w,z dedy — [ Vodomndy [ e ()

The parameters defined in Eq. (3) are introduced together
with
7 = @ra?/l,%)(AnDy)'?

B8

®)
= (l/le) (An/ An)*

Substitution of the displacement function, Eq. (1), into
Eq. (5) gives F in terms of the generalized coordinates of the
problem, a;(1 < ¢ < 5), I, and {,. The coefficient g, in Eq.
(1) can be determined from the relation between strains and
displacements and the condition that the tangential dis-
placement be continuous. With w as well as F expressed in
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Fig. 2 Minimum postbuckling load, long cylinders (y < 1.0).
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Fig. 3 Minimum postbuckling load, long cylinders (y > 1.0).

terms of the generalized coordinates, the potential energy of
the system can be written

(4r/mLDn)V = 4(B/n)*[B*2:*(32N0:® + At +
51200752 + 16Aa7s? 4 81Ng3252) —
3B 8N + 21 + My + B12Nezs2s? + 256Natsrs?) +
22 B2 (3N + AMnay? + 128Nge21 2042 + 16Ngetis +
e + 128024t + Ahgur? -+ 32Agas + 16Aum2s +-
64Na152 + 64Aqxars + 16Aszs? + 1024 Np025%42 +-
324N 52125 + 144Niamiwars + 2592031105752 +
16N 13ws® + 576N ssxats + 5184N1325%052 +
128Nosts® + €58 1Neowst + 64Naiza? + 5T6Nsutstszs +
1296Aswa%05 4 64 pmi2n,? + 144N pzi2sw5 +
8152 + 81Noss? + 1296N\5x4205% + S8 INex5t +
1024 A e2w3%r, 4 324N5ami 2052 + 5184 Np5252052) | +
22y B*(82x:2 + 1 + 512xs2 + 16242 + 8152 X
(1 4 29,8292 (1 + 1622 + Slzs?)] —
8(BY/ )N (4z* + § + 1625 + 22,2 + $252) + const (9)

where

Ni; = 1/(5* + 20329582 + 989 (10)
and
2 = a/as
Ty = agrmw?/l,?
Ts = as/0p : (11)
Ty = 04/
s = a5/

If only terms of second order in z; are retained in Eq. (9),
and z; is set equal to zero when 7 2, an expression for the
potential energy is obtained from which the classical buckling
load for infinitely long cylinders can be obtained. It is found
after minimization with respect to the parameter 7 that

(Ne)? = (1 + 20271287 + v89/(1 + 21582 + 4 (12)

where the parameter 8 is chosen to minimize N.. This
equation is in agreement with the solution for the classical
load in Ref. 3.

If I, = L/m is substituted into Eq. (9), a corresponding
equation for the classical buckling load of finite length cylin-
ders is obtained:

Nu = af*/(1 4 27s8% + 89 +

(L + 29p8* + vBY/ (4B (13)
where 8 is obtained from the equation
4a?B(1 + 958D = (1 4 9pv"?B)(1 + 29sB8% + B9*  (14)

and m is chosen to minimize N.;.
In a study of postbuckling behavior of the shell, all terms
in Eq. (9) are retained. The derivatives of V with respect
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Fig. 4 Load displacement curves for short cylinders.
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Fig.5 Minimum postbuckling load, short eylinders.
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to the generalized coordinates of the system yield, when set
equal to zero, seven nonlinear algebraic equations. Simul-
taneous solutions to these equations define.equilibrium con-
figurations and can be found by use of the Newton-Raphson
iteration method.* In the numerical analysis, the IBM
7090 was used, and the postbuckling behavior was studied
within a wide range of the independent parameters. It was
found that the only case of practical interest in which the
postbuckling behavior appreciably deviates from that of the
monocoque cylinder is the case for which v < 1, i.e., the ring-
stiffened cylinder. Some load-displacement curves for such
cylinders are shown in Fig. 1, and the minimum postbuckling
load for different parameter combinations can be obtained
from Fig. 2. The curves are normalized with respect to the
classical buckling load as defined by Eq: (12). For cylinders
with v > 1, ie., stringer-stiffened cylinders, the minimum
postbuckling load is shown in Fig. 3.

The preceding analysis indicates that, for cylinders with
v > 1 (stringer-stiffened cylinders), the axial wavelength of
the diamond patiern is very large. In practical applications,
this buckling pattern cannot be accommodated within the
length of the shell. To determine accurately the post-
buckling behavior of a cylinder with finite length appears to
be a formidable task. However, a conservative estimate of
the minimum postbuckling load can easily be obtained by
modification of the analysis for infinitely long shells. If the
axial half-wavelength is set equal to the length of the shell,
the number of generalized coordinates is reduced to six, while
the number of independent parameters is added to « as de-
fined in Eq. (4).

The approximate equations thus obtained for the cylinder
of finite length were also solved numerically by use of the
IBM 7090. Some typical load displacement curves are
shown in Fig. 4.- The minimum postbuckling load can be
found as a function of the shell parameters in Fig. 5. The
N is here based on Eqs. (13) and (14). The number of half-
waves in the axial direction m should be chosen such that the
minimum postbuckling load is minimized. For short
cylinders, m will be equal to one. Whenever m = 2 gives a
lower value for Nui, than does m = 1, the analysis for infi-
nitely long cylinders gives a sufficiently close estimate of
this value.

Conclusions

The classical buckling load, of course, is an upper bound
for the actual critical load of axially compressed cylindrical
shells. On the other hand, the minimum postbuckling
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equilibrium load is the lowest load under which a buckled
configuration can be maintained and may, as such, be con-
sidered a lower bound. In general, these two bounds are
far apart, but the present analysis shows that, in certain
cases, the two bounds approach one another. One of these
cases is the ring-stiffened cylinder. For this type of eylinder,
experiments show only moderate scatter in buckling loads.®

From Fig. 4, it may be seen also that the character of the

_postbuckling behavior changes with the length of the shell.

With decreasing cylinder length, a point will be reached at
which the load displacement curve resembles the correspond-
ing curve for flat plates. The upper and lower bounds then
coincide and the classical buckling load should be applicable.
Some test results for relatively short stringer-stiffened
cylinders are available® which seem to indicate that the
classical buckling load is applicable. It should be noted,
however, that comparison between theory and tests is ob-
structed by difficulties in determination of the amount of
edge restraint in the tests.

With a lower bound available it is, of course, possible to
use this bound as a design limit. Although in some cases
this will lead to reasonable results, there will be other cases
in which a less conservative and more realistic estimate of the
critical load is needed. Unfortunately, presently available
experimental data are too sparse for the development of a
practical method of analysis for orthotropic or stiffened shells
which is entirely satisfactory for all parameter combinations,
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